In this letter we consider the exact solution of the Klein-Gordon equation describing a massless scalar field in the spacetime of a four dimensional canonical acoustic black hole, which is given in terms of the general Heun function, to discuss the interesting phenomena related to the resonant frequencies.
Introduction
Even with the recent detection of astrophysical black holes [1, 2] , it is still extremely difficult to measure some physical phenomena which arise from the interaction between quantum fields and gravitational spacetime backgrounds like compact objects and black holes. In order to overcome these issues, W. G. Unruh [3] proposed some analogue models of gravity, where the equation of motion which describes the propagation of sound modes (phonons) on a background hydrodynamic flow (acoustic black hole) can be written as the massless Klein-Gordon equation minimally coupled to an effective Lorentzian geometry. In this approach, it is possible, in principle, to observe in the laboratory some quantum effects of gravity [4, 5] .
A lot of investigation in which concerns the physics of acoustic black holes can be found in the literature, as for example, the Hawking-Unrhu radiation from a rotating acoustic black hole [6] , the relativistic acoustic metric for a planar black hole [7] , the quantum potential in analogue gravity [8] , the canonical acoustic thin-shell wormholes [9] , and about the holographic transport in analog models [10] . Among these studies, two are of special interest for us, namely, the work where analytic solutions for massless scalar fields in the both canonical and rotating acoustic black holes are obtained in terms of the Heun's functions [11] , and the one about probing the Unruh effect with an accelerated extended system [12] .
In this letter, inspired by all of these previous works and adopting our technique developed in [13] , we will focus on the computation of the resonant frequencies for a massless scalar field in the spacetime of a canonical acoustic black hole. In this scenario there are two parameters: the radius of the acoustic event horizon and the speed of sound. It is worth emphasizing that these two parameters are fully controllable in the lab, and hence can be easily measured.
The spectra corresponding to the resonant frequencies are related to the decay of the perturbation field [14] . On the other hand, the quasinormal modes (QNMs) are solutions of the perturbation equations with appropriate boundary conditions which are imposed on the outgoing waves and on waves crossing the black hole event horizon [15] . The resonant frequency is one of the essential characteristics of an astrophysical black hole, and acoustic black hole as well. It plays an important role with respect to the radiation emitted by black holes. Therefore, it is possible, in principle, to get some information about the physics of black holes through the resonant frequencies. For this reason it is important to compute them.
In order to obtain these resonant frequencies, we need to impose that the radial solution of the KleinGordon, which is given in terms of the general Heun function [16] , should have a polynomial form. These special functions of mathematical physics have gained increasingly more importance due to their large number of applications in different areas of natural science, from biological to physical [17] .
The Letter is organized as follows. In Section 2 we present the canonical acoustic metric and the analytical solution of the massless Klein-Gordon equation. In Section 3 we impose the appropriated boundary conditions on the radial solution in order to compute the resonant frequencies. In Section 4 we give conclusions and discussions. Here we adopt the natural units where G = c =h = k B = 1.
Scalar solution in the four dimensional canonical acoustic black hole
In Ref. [11] , we have studied the behavior of a massless scalar field in the canonical acoustic black hole spacetime. For this background, the line element which appropriately describes the solution for a spherically symmetric flow is given by
with
where
is the radius of the acoustic event horizon. Here c is the speed of sound, which is constant throughout the fluid flow. For a massless scalar field, the Klein-Gordon equation can be write as
After some algebra, we have found that the exact analytical solution for the radial part of the massless Klein-Gordon equation, in the exterior region of this background, can be written as
where HeunG(a, q; α, β, γ, δ; z) is the general Heun function (for details, see [11] and references therein).
In what follows, we will use this radial solution and our recently developed technique [13] for computing the resonant frequencies of massless scalar particles propagating in a canonical acoustic black hole.
Resonant frequencies
The resonant frequencies are associated with the radial solution, in our case given by Eq. (5), under two boundary conditions: it should be finite on the exterior event horizon and well behaved at asymptotic infinity.
Let us examine these conditions. If γ = {0, −1, −2, . . .}, then from the Fuchs-Frobenius theory, it follows that HeunG(a, q; α, β, γ, δ; x) exists, is analytic in the disk |x| < 1, corresponds to exponent 0 at x = 0 and assumes the value 1 there, and has the Maclaurin expansion HeunG(a, q; α, β, γ, δ;
where b 0 = 1, and aγb 1 − qb 0 = 0,
with P j = (j − 1 + α)(j − 1 + β),
Thus, from this expansion, we conclude that the radial solution is finite when r → r h , which implies that x → x + and hence z → 0. Therefore, the first condition is satisfied. In fact, this condition yield the ingoing wave solution of the Hawking radiation, as we shown in [11] .
On the other hand, the second condition requires that R(z) must have a polynomial form. Indeed, the general Heun function, HeunG(a, q; α, β, γ, δ; z), becomes a polynomial of degree n if the following condition is satisfied:
with n = {0, 1, 2, . . .}. In our case, the parameter α is given by Eq. (88) of Ref. [11] . Therefore, substituting Eq. (88) into Eq. (9), we can find an expression for the resonant frequencies associated to massless scalar particles in the four dimensional canonical acoustic black hole. It is given by
where n is the principal quantum number. This frequency (energy) spectrum gives a complex number, such that ω = ω R +i ω I , where ω R and ω I are the real and imaginary parts, respectively. We remark that the eigenvalues given by Eq. (10) are degenerate, since that there is a dependence on the eigenvalue λ lm = l(l + 1), where m = {±1, ±2, ±3, . . .} is the azimuthal quantum number and l is an integer such that |m| ≤ l.
These results are new, and hence we do not have any similar one obtained in the literature in order to compare. It is worth emphasizing that, in this work, we obtain the resonant frequencies directly from the general Heun function by using the condition which should be imposed in such a way that this function reduces to a polynomial. In addition, our results are complete, in the sense that they include a discussion about the dependence of the resonant frequencies on the radius of the acoustic event horizon and the speed of sound.
The resonant frequencies for n = 0 and n = 7 are shown in Tables 1 and 2, respectively.
From Tables 1 and 1 we see that the real part of the resonant frequencies decreases with l, while the imaginary part increases very quickly for fixed values of the radius of the acoustic event horizon and the speed of sound.
The resonant frequencies that we obtained are presented in Figures (1) and (2), as a function of n and l, respectively.
In Figures 1 and 2 we see that for fixed values of the radius of the acoustic event horizon and the speed of sound, the real part decreases with l, while the imaginary part increases thus the decay rate [18] of the field is growing. 
Conclusions
We have shown here that a four dimensional acoustic black hole presents an oscillating energy spectrum, called resonant frequencies, which is a kind of quasispectrum.
This wave phenomena is due to the interaction between massless scalar fields (phonons) and the effective geometry of the background under consideration. The obtained resonant frequencies are degenerate, and depend on the radius of the acoustic event horizon and speed of sound.
Recently [19] , it was observed the thermal Hawking-Unruh radiation and its temperature in an analogue black hole. Therefore, we believe that will be possible, in a near future, to measure these resonant frequencies in laboratory. 8 10 0 
